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A APPENDIX: LANGUAGE PROPERTIES AND PROOFS

This appendix contains proof details for the paper “Parallelism in a Region Inference Context
(PLDI ’23) by Martin Elsman and Troels Henriksen.

»

A.1 Properties and Proofs for the Internal Language

ProprOsITION 3.1 (DECOMPOSITION). If + e : T then either e is a value or there exist a redex e’, a type
', and a context E such thatT r e’ : t’ and e = E'[¢’].

Proor. By induction over the structure of e. There are three cases corresponding to the three
typing rules for which e is not a value or a variable.

CASE e = ¢ ey. From the typing rules, we have + ey : 7”7 — 7 and F e; : 7”". By induction, either
ep is a value or there exist a redex e’, a type 7/, and a context Eg suchthatT' F e’ : 7" and ¢y = Eg [e’].
If ey is not a value, we choose E! = Eg e1, which means that we have e = E! [¢’], as required.

Otherwise, ¢y is a value ey = vy. By induction, again, either e; is a value or there exist a redex
e’, atype 7/, and a context El suchthatT re’: 7’ and e; = E{[e’]. If e; is not a value, we choose
Ef =, E{, which means that we have e = E'[e’], as required.

Otherwise, e is also a value e; = v;. From the typing rules and because vy : "/ — 7 (unique
value typing), we know that vy = (Ax : 7”.e;) vy, for some x and e;. It follows that e = (Ax : 7”".¢y) vy,
which classifies as a redex. Thus, there exist e’ = e, and E' = [.], and 7’ = 7, such that e’ is a redex
andT + e’ : 7’ and e = E'[e’], as required.

CASE e = get ey. From the typing rules, we have + ¢ : 7 T. By induction, either e, is a value or
there exist a redex e’, a type 7’, and a context El' suchthatT re’: 7’ and ¢y = Eg[e']. If ey is not a
value, we choose E' = get E, which means that we have e = E'[¢’], as required. Otherwise ¢y is a
value ey = vy. From the typing rules and because + vy : 7 T (unique value typing), we have that
vy = (), for some v]. It follows that e = get (v;), which classifies as a redex, thus, there exist
e’ = e,atype ' = 7, and a context E' = [.] such that e’ isaredexand ' ¢’ : 7’ and e = E'[¢’], as
required.

CASE e = letspawn x : 7 T = ¢y in ey. This case is similar to the case for function application. O

PROPOSITION 3.2 (CONTEXT). IfI + E'[e’] : 7 thenT,,T + €’ : 7’ for some t’. Further, if
TorE'[e]: 7 andTy, T Fe: 7" andTy, T F e : 7’ thenTy + E'[e’] : 7.

PRroOF. By straightforward induction over the structure of ET. O
PROPOSITION 3.3 (VALUE SUBSTITUTION). IfT,x:7re:7" andT +v:7 thenT + [v/x]e: 7.

Proor. By induction over the structure of e using an environment extension property of typing
stating thatif I' + e : 7 then I, I’ + e : 7 for any I'” with Dom(I'") N Dom(T") = 0. As is standard, the
proof also makes use of Barendregt’s convention for renaming bound variables in expressions for
avoiding environment capture. O

PrROPOSITION 3.4 (TYPE PRESERVATION). IfT' e : 7 ande — e’ thenT e’ : 1.

Proor. By induction over the structure of e. From the small-step reduction rules, there are four
cases:

CASE e = (Ax : 71.€) v. From the typing rules, we have ' F Ax : 71.eg : 7y = rand ' + v : 77 and
further that I', x : 7; F ey : 7. From the reduction rules, we have ¢’ = [v/x]ey, thus, we can apply
Proposition 3.3 to getI' + e’ : 7, as required.

Cask e = get (v). From the typing rules, we have I' + v : 7 and from the reduction rules, we
have ¢’ = v and thus T + e’ : 7, as required.
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CASE e = letspawn x : 7o T = v in ej. From the typing rules, we have ' r v : rpand I, x : 7o T +
eo : 7. From the reduction rules, we have e’ = [(v)/x]eg. We can now apply the typing rules to get
I'(v) : o T, thus, we can apply Proposition 3.3 to get ' + e’ : 7, as required.

CASE e = E''[e,]. From the typing rules and from Proposition 3.2, we have there exists 7, such
that I, T + e : 79. From the reduction rules, we have there exist ¢; and e’ such that e < e’ and

e/ = EU [e;] and ey < e;. By induction, we have I',I' + e; : 9. Now, by applying Proposition 3.2
(second part), we have I' - e’ : 7, as required. ]

PROPOSITION 3.5 (PROGRESS). If e : r then either e is a value or e — €’ for somee’.

Proor. From Proposition 3.1, we have either e is a value of there exist a redex e”, a type 7",
and a context E' such that T r e” : 7" and e = E'[e”’]. Because e”’ is a redex, we have from the
small-step reduction rules and from the definition of redex that there exists e’’’ such that e’ — e’”’
and further that there exists e’ such that ¢’ = E'[e’”’] and e < e’, as required. O

A.2 Properties and Proofs for the Region-Annotated Internal Language

PROPOSITION 4.1 (DECOMPOSITION). If + e : 7, ¢’ then either (1) e is a value or (2) there exist a redex
e’, atypet’, and a context E; such that e = Eg[e’] andTre’ 7,0 U ¢

Proor. By induction over the structure of e. The proof resembles the proof of decomposition for
the internal language with the additional complexity of dealing with region variables. ]

ProposITION 4.2 (CONTEXT). IfTj + EI(;,[e’] 17,9  thenIo, T e’ : 77,0 U for some t’. Further, if
I + Eg[e] 0,0 and Ty, Tre: 7/, U @ andTp,T e’ : 7/, U ¢ thenIj + Eg[e’] (T,

Proor. By straightforward induction over the structure of Eqra. O
PROPOSITION 4.3 (VALUE SUBSTITUTION). IfT,x:tFe:7’,pandl v v: r thenT + [v/x]e: T/, ¢.

Proor. By induction over the structure of e. The proof is similar to the proof of value substitution
for the internal language. It uses an environment extension property of the typing relation and
Barendregt’s convention for renaming bound variables. ]

PROPOSITION 4.4 (TYPE PRESERVATION). IfT + e : 7, ande<Y> e’ thenT r ¢’ : 7, ¢.

Proor. By induction over the structure of e. From the small-step reduction rules, there are 7
cases. In each case it is straightforward to demonstrate that the reduction rule preserves typing.
For the context case, when e = Eg, [e”’], for some e”, ¢’, and T, the proof proceeds by case analysis

on the structure of Elq;,. O

PROPOSITION 4.5 (PROGRESS). If F e : 7, ¢ then either e is a value or e <2 e’ for some e’.

Proor. By Proposition 4.1, either e is a value or there exist a redex e”’, a type 7/, and a context
Eqro, such that e = EI(;, [e”]and T Fe” : 7/, U ¢’.

We argue that e”’ P22, o for some e’”’, so that EI(;, [e”] %> Eg, [e””’] follows from the context

evaluation rule. We now consider all cases where e”’ could be stuck.

Case ¢’ = Ax : 19.e at p, for some 19, €y, and p. From the typing rules, we have I' + Ax :
To.€9 at p : 7/, ¢ U ¢’. This judgment must be derived from the typing rule for lambda expressions
followed by a number of applications of the effect expansion rule, which implies that p € ¢ U ¢’
and 7’ = (1o =2 1, p). It follows that we can apply the reduction rule for lambda expressions to
gete”” = Ax : 15.e.

Proc. ACM Program. Lang., Vol. 7, No. PLDI, Article 142. Publication date: June 2023.



Parallelism in a Region Inference Context 142:iii

Case e”’ = (APx : 19.€) v, for some p, 79, €9, and v. We have I' + (APx : 19.e9) v : 7/, ¢ U ¢’. This
judgment must be derived from the typing rule for function application followed by a number of
applications of the effect expansion rule. By applying the typing rule for lambda values, we have
there exist 7; and ¢q such that T’ + A?x : 79.ep : (79 2,7, p),0andT Fv: 1,0 and p € pU ¢  and
®o € @ U ¢@’. Now, because p € ¢ U ¢’, we can apply the function-application reduction-rule, to get
e’ =[v/x]ep.

Caske e’ = get (v)”, for some v and p. Similar to the case for function application.

CAsE e” = letspawn x : 7y = 1 at p in ey, for some x, 71, €1, p, and e,. Similar to the case for
lambda expressions. ]
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